BINARY REPRESENTATIONS i

‘2 bits, 4 bits, G bits a by+e."
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MEgr™ Wi e B B ¢ Number Representations
e o ‘\\0100011

/ e Other bits
',
R “0\00111001 L0 ' - : _c_
R o 0 oo o ® A quick review o+ Comp 2l
‘ \\\‘\\“ 0 11010 ;
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00100100 11010

10010111 0010000

01110000 10111110 |

00000010 11100100 ¢ 0
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FIXED-SI2E CODES

Il

I all choices are equally likely (or we have ho reason to exPec+ otherwise),

then a Fixed-size code is often used. Such a code should use at least enough

bits to represent the information content.

ex. Decimal digits 10 = {012,3,4,5,6,7,69}
4-bit BCD (Ioinary coded decimal)

\OﬂZ(IO/I) = 3322 < 4 bits

ex "84 English characters = Az (20), oz (20), 0-9 (10),

punctuation (8), math (9),
financial (5))

BCD
0 - 0000
1 - 0001
2 - 0010
3 - 0011
4 - 0100
5 - 0101
6 - 0110
7 - 0111
8 - 1000
9 - 1001

7-bit ASCIl (American Standard Code For information In’rerchanae)

‘092(84/0 = 0392 < 7 bits

08/18/2.018
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ASCII FOR TEXT

0000 ( 0001 | 0010 | 0011 | 0100 ( 0101 (0110|0111 1000|1001 (1010|1011 |1100( 1101 (1110|1111
000 | NUL | SOH | STX | ETX | EOT | ACK | ENQ | BEL BS HT LF VT FF CR SO SI
001 | DLE | DC1 | DC2 | DC3 | DC4 | NAK | SYN | ETB | CAN EM SUB | ESC FS GS RS us
010 ! # $ % & ( ) * + , - . /
011 0 1 2 3 4 5 6 7 8 9 : ; < = > ?
100 @ A B C D E F G H I J K L M N (o)
101| P Q R S T U ' w X Y y 4 [ \ ] A _
110 a b c d e f g h i j k I m n o
111 P q r 3 t u v w X Y z { | } ~ DEL
® For letters upper and lower case dit-fer in the Gth 'shitt" bit

IOXXXXX is upper, and IXXXXX is lower
Special ‘control’ characters set upper two bits to 00

ex cntl-g — bel, cntkm — carriage return cntl — esc
This is why bytes have 8-bits (ASCIl + optional parity). Historically, there
were computers built with G-bit bytes, which reguired a special "shift"

character to set caose. > Whats
P parity?
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=\
UNICODE: A VARIABLE LENGTH TEXT ENCODING |
—

e ASCIl is biased towards western languages. English in particular
® There are, in fact, many more than 256 characters in common
use:
o o R AeY £l E HRILXS
® Unicode is a worldwide stondard that supports dll languages,
special characters, classic, extinct, and arcane.
® Several encoding variants 16-bit (UTF-8)
® Variable length (as determined by First byte)

ASCI| equiv range: 0|x

Lower 11-bits of 16-bit Unicode |1/1/0lylylylylx| |1/0

16-bit Unicode |1|1]1(0|z|z|z|z| [1/0lzlylylyly|x] |1/0
1]1]1|10wwiw| [10wwiz|z|z|z| |110zlylylylylx| [1/0

X | [X] [X][X
X | [X] [X] [X

X | [ X ] [X][X
X | [ X | [X][X
X | [ X | [X][X
X | [X ] [X] [X

08/18/2.018 Comp 3l - Fall 2022 4
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ENCODING POSITIVE INTEGERS

I+ is c3+r‘aialn+£orwaro| to encode positive integers as a sequence of bits. Each
bit is asc;ianed a weight. Ordered fFrom right to left, these weights are
increasing powers of 2. The value of an n-bit number encoded in this fashion

is given by the Po\lowing Formulo:
.. 215214 213 212 211 210 29 28 27 26 25 24 23 22 21 20
v= 2, olo|olofo]1|1|{1]1|1]|1]0ofo]1]1]0

i=0

‘ 21 = 2
+ 22= 4

8 L $ +  2°= 32

| by + 26 = 64

I ¢ 27 128

’ + 28= 256

+ 29= 512

+ 210- 1024

2022
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FAVORITE BITS

® You are going to have to get occustomed to workina in lainary.
SPeciPicaHy For ComP 31, but it will be heIPPuI +hr'ouahou+ your
career os a comPu+er‘ scientist.

e Here are some helpf—ul auialelinesz
I Memorize the First 10 powers of 2

20=1 21=2 2°=4 23=8 2% =16
2° = 32 2° = 64 27 =128 28 = 256 27 = 512

2. Memorize the Preqtixes For powers of 2 that are multiples of 10

210 = Kilo (1024) 20 = Tera (1024%)
220 = Mega (1024*1024) 2% = Peta (1024°)
230 = Giga (1024%1024*1024) 2% = Exa (10249)

08/18/2.018 ComP 3l - Fall 2022
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TRICKkS UWITH BITS 111

o The First Jrlnil’l@ that you’l\ do a lot of is
clustering groups ofF contiguous bits.

® Using the binary powers that are multiples of 10 we can do the

most basic clu9+er'ina.

l. When you convert a Ioinary humber to decimal, First break it down

From the right into clusters of 10 bits.
2. Then compute the value of the leftmost remaining bits (1)
3. Find the appropriate prefix (GigA)
4. Often this is sufbFicient (might need to round up)

010001100000{P001100000|P000101000

A "6]30“ something or other

08/18/2.018 Comp 3l - Fall 2022 7



OTHER HELPFUL CLUSTERINGS Th

—

Oftentimes we will kind it convenient to cluster groups of bits
together For a more compact written representation Clustering by 3
bits is called Octal and it is often indicated with a leading zero, O
Octal is hot that common +oday.

21121C 29 28 27 26 25 24 23 22 21 20

n-1
v=Y8'd, 0l1[1/1]1]1]0/1/0/0/0j0] = 2000,
i=0 — -LV_A*V—LY—)
03720 3 74 2 0
Seems natural Octal - base 8
000 - 0
.ﬂ/) 001 -1 0*80 - O
(}’“\;\__(g?' = 010 - 2 +2*8' = 16
Y ou-s +TB2= 448
) e +3*8% =_1536
110 - 6 2000,
17

08/18/2.018 Comp 3l - Fall 2022 8
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ONE MORE CLVSTERING ﬂi_n

S

Clusters of 4 bits are used most ?requer\ﬂy. This representation is
caled hexadecimal The hexadecimal diaiJrc; include 0-9, and A-F, and each
diaiJr position represents a power of IG. Commonly indicated with a
leadinﬂ 'OX"

2112]C 29 28 27 26 25 24 23 22 21 20

v=S164, o[1[1[1]1]1]ol1]ololoj0] = 2000,
™ ox7do M 4 0

Hexadecimal - base 16

0000 -0 1000 - 8 o
0001-1 1001-9 o"6" = 0
0010-2 1010-a +13*16' = 208
0011-3 1011-b *1 2

0100-4 1100 - ¢ +716° =__1792
0101-5 1101-d 2000,,

0110-6 1110-e
o1m1-7 1111-f

08/18/2.018 Comp 3l - Fall 2022 9



THEYVE ALWAYS BEEN THERE...

08/18/2.018

In [1]: M # Hex expressions

out[5]:

Ox29 + 1

42

# another Hex expression
ox15 * 2

42

# Octal expression in Java and C
# you need only a '@' prefix to indicate octal

Q016 * 3

42

# Binary expression
# Doesn't work in Java or C

0b00101100 - 2

42

Cowp‘%-—FdlZOZZ



=
SIGNED INTEGERS ﬂi_n

S

® Obvious method is to encode the siﬁn of the irH'eﬁer‘ usihﬂ ohe bit.
e Conventionally, the most sianiﬁicanJr bit is used For the sign.
® This encoclir\ﬂ ofF sianed integers is caled 'SIGNED MAGNITUDE'

S 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20

n-2
_ 13 i Anything
V‘lz)zbi1oooo111111oo11o weird?
l=

P

e The Good -2022 -'

o Easy to negate, easy to take absolute value
e The Bad
0 Two ways to represent ‘0", +O and -O
o Add/subtract is complicated; depends on the signs
e Not Prequenﬂy used in proctice
o With one important exception that we'll discuss shortly

08/18/2.018 Comp 3l - Fall 2022 I
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2's COMPLEMENT NOTATION Th

—

® The 2Z's complement representation fFor 9i@ned in+eﬂer‘<; is the
most commonly used sianed—imeﬂer representation

e Itis a simple moditication of unsigned integers where the most
signiticant bit is a negative power ok 2.

215 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20

n—-2
-1 ' 110101010111} 1111110j0|111]0
y==2" bn_l+22’bi
i=0

1\ . -32768

stil a ‘si it
0+mwﬁ;g%ﬂm' igggg‘
+the humber to < O) -30746

o Huh?
o Negative numbers seem hard to ‘reod' (For humans)
O Nonsymme’rric range:
For 16 bits the range is -32768 = x < 32767

08/18/2.018 Comp 3l - Fall 2022 73



o~
Wiy 2's COMPLEMENT? 11

® In the two's complement representation for signed integers, the
same binary 'addition procedure' (mod 2" works for adding any
combination of positive and negotive numbers.

e Don't need a separate 'subtraction procedure’

(carries only, no borrows) 551@ = 90000011011 1,
e The "addition Proceolure" also +1 @1@ = 0B0RBBB101 @2

handles unsioned numbers! ~

andies unsig Hmoers 65., = @00001000@@12

® In2's complement adding is ‘adding’
regardess ok operand signs.

e You NEVER need to subtract 551@ = 00000011011 12

, +-10.. = 111111110110
when you use Zs—complemenf 10 2
o Just form the 2's —comPIemenJr 4519 = 1000000101101 9
of the subtrahend = o

Ignore this “carry”

08/18/2.018 Comp 3l - Fall 2022 13



2's COMPLEMENT TRICKS

o Negaﬁon - changing the sign ofF a number
L Invert every bit (ie.1 > 0 0 —1)
2. Add

Example: 42, = 000000101010,
-42,, = 111111010101, + 1 = 111111010110,
e Sign-Extension - aligning different sized 2's complement integers
o Simply copy the Gial’l bit into hiﬂher‘ POGH‘]OHG

Example: 16-bit version of 42: 42 .= 8000000000101010,
G-bit version of -42: -42_= 11111111110101180,

08/18/2.018 ComP 3l - Fall 2022
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CLASS EXERCISE HITI

I0's-complement Arithmetic (so you'll never heed to borrow aﬁain)

Step D  Write down +wo 3—digi+ humbers, where
you'll subtract the second From the First \’

Step 2) Form the 9's-complement of each diaH'
in the second number (the subtrahend)

Step 3) Add I to it (the subtrahend)

Helpful Table of the
9's complement for
each digit

Step 4) Add this number to the First

0—-9
1-8
27

step 5 Y IiE your result is less than 1000, Form the 9's 36
complement of the sum, add | and remember P

your result is negaﬁve, otherwise subtract 1000 Z:f

9-0

What did you get? Why weren't you taught to subtract this way?

08/18/2.018 Comp 3l - Fall 2022 5



FIXED-POINT NUMBERS

Ll

—

® You can dlways assume that the boundary between 2

bits is a "Iainar'y PoinJr“.

o F you dlign binary points between addends, there is no

ellect on how operations are pertormed
_27 26 25 24 23 22 21 20 2-1 2-2 2-3 2-4

1

1

1

1

1

1

0

1

0

1

1

0

11111161.0110

-2.625

11111161.0110

-2.625

08/18/2.018

-42 x 274
-42 / 16

OR

A

ComP 3l - Fal 2022
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-128 + 64 + 32 + 16 + 8 + 4 + 1 + 0.25 + 0.125



REPEATED BINARY FRACTIONS L]

S

Not all Fractions can be represented exactly using a Finite
representation You've seen this belore in decimal notation where the
Fraction 1/3 (amor\ﬂ others) reguires an inkinite humber of digits to
represent (0.3333.)

IN Ioinary, a area’r many Fractions that you’ve grown attached to
reguire on infFinite number of bits to represent exactly.

Exomple:  1/10 = 8.1, = 8.00011..., = 8.19...
1/5 = 0.2, = 0.0011..., = 8.3...
1/3 = 0.3, =0.081..., = 8.5...

08/18/2.018 Comp 3l - Fall 2022 7



=
FINITE REPRESENTATIONS HITI

S

e Computers use a finite set of bits (or certain Fixed-sized bit
clusters) to represent numbers.

o In fact, everything that a redlizable computer does is limited by o
Finite set of bits.

® Tlnr'ouah your maerer‘y of mathematics, you've ﬁr'adually grown
used to inkinite representations. So much so that finite
representations seem odd

e One type ok inkinity that you've grown used to: InFinite dia'ﬂ's

.. .00000000042 .0000000000. . .
.. .0000b0VBBBO00O .0000000000. . .007000
10000000. . .00000000000.0

® The cohcept an inFinite supply ofF zero diﬁiJrs is conceptually
elegont, but diFFicult to physically implement

08/18/2.018 Comp 3l - Fall 2022 18



SIDE EFFECTS OF BEING FINITE

These examples assume a Finite 16-bit representation

® You canh "overfow'

32767., + 1,, = -32768,, 0111 1111 1111 1111,
+0000 0000 0000 0001,
1000 0000 0000 0000,

-20000 - 20000, = 25536., 1011 6661 11160 0000,
+1011 06661 1110 0666,
101160 6611 11600 0000,

e Certain numbers cant be neﬂaJred

-32768., = -32768., 1000 0000 0000 0000
0111 1111 1111 1111

+ 0000 0000 0008 8001

1000 0000 0080 0000

08/18/2.018 ComP 3l - Fal 2022
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=\
BiAas NOTATION Th

S

There is ye+ one more way to reprec;enJr c;iﬁned inJregerc;, which is
surprisingly simple. it involves subtracting a fixed constant From a
given unsiﬂned number. This representation is called "Bias Notation".

27 26 2524 232221 20

n-1
v=>Y2'b, —Bias

1[0|0|110[1(1]|0
Ox2*= 144
Example of Bios 127: + ©6x20= 6
- 127
Adcﬁl’\a 2 numbers requires a T o3
subtraction to Fix the result
150
Why? Monotonicity when viewed + 150
as an unsi@ned humber - 127
173 =46 + 127

08/18/2.018 Comp 3l - Fall 2022 20
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FLOATING POINT NUMBERS Th

S

Another way to represent numbers is to use a notation similar to
ScientiFic Notation This format can be used to represent numbers
with Fractions (390 x 10, very small numbers (16O x 10™), and large
numbers (602 x 10°%). This notation uses two Felds to represent each
nhumber. The First part represents a normoalized fraction (called the
signiFicand), and the second part represents the exponent (ie. the
position of the "P\oaﬁna" Ioinar'y Poiﬂﬂ.

Exponent

Normalized Fraction x 2

Exponent L Normalized Fraction
Y S~
“dynamic range” “bits of accuracy”

08/18/2.018 Comp 3l - Fall 2022 2]



IEEE 7St FORMAT

R —

N_— Thisis effectively a The 1is hidden

O Single precision Format /g W ol i :f:t
a “hidden” 1. afesrtiis
. e number is
S EXPOHQHT Slgnlflcand “7ormalized”
\ J
T v v S
1 ¢ 8 23

The exponent is —

represented in bias g S . . ;o E hent-127
12; noTaIion. Why? b V = ...1 X 1-5|gmflca|1d X 2 XPO e

O [Exanwﬂet 52.25 = @@11@1@@.@1@@@@@@2
Normalize: 901.1010001000000. x 2°

(27+5) ,/// ///0

0 10000700 10100010000000000000000
0100 0010 0101 BBO1 BOOO BOOO BBOO BBOO
592 .25 = 0x42510000
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P
TEEE ?$% LIMITS AND FEATURES Th

O Slna\e precision limitations
o A little more thon 7 decimal digits ot precision
o Minimum positive normoalized value: ~18 x 107°
o Maximum positive normoalized value: ~3.4 x 107°

® |haccuracies become evident after multiple single
Precic;ior\ oper'aJrions
e Double precision Format

S Exponent Significand
Y~ N

1 " 52
v = -1° x 1.5ignificand x 2

Exponent—1025

08/18/2.018 Comp 3l - Fall 2022 23



P
TEEE 7$% SPecial NUMBERS Th

® /ero - +0
A P\oaﬁna point number is considered zero when its exponent and

—

Giar\iﬁcand are both zero. This is an exception to our "nidden 1"

hormalization trick. There are also a positive and neaaﬁve zeros.

S

000 0000 O

000 0000 0000 0000 0000 0000

° |nPini+y - 400

A Qloaﬁna point humber with a maximum exponent (all ones) is

cohsidered inPinier which can also be positive or negative.

S

111 1111 1

000 0000 0000 0000 0000 0000

e Not a Number - NaN for +0/+0, +%/+, ‘Oﬁ(‘4’2), etc.

S

111 1111 1

non-zero

08/18/2.018
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A QUICK UWAKE-UP EXERCISE Th

What decimal value is r‘epr‘esenJred by Ox3F800000, when

inJrer'Pr'eJred os an |EEE 75 4 sinale Precic;ion P\oaﬁnﬂ PoinJr
humber?

08/18/2.018 Comp 3l - Fall 2022 25



BITS YOV ¢cAN SEE

The smadllest element of a visual display is caled a 'pixel’. Pixels have

three indepenolerﬁ- color components that generate most ofF the

Per'ceivable color range.

o \Nhy three and what are they
e How are they represerﬁed in

[
A computer? ::;
e First let's discuss this notion 4

of Perceivable

08/18/2.018

i
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IT STARTS WITH THE EYE

® The photosensitive part o the eye is called
the retina.

® The retina is largely composed of two
cell types, caled rods and cones.

o Cones are responsible for color perception. _

e Cohes are most dense within the fovea
® There are three types of cones,

1.35 mm from rentina center

8 mm from rentina center

referred to as S, M, and L whose
6Pec+ral 98h9H‘iVH‘\/ varies with wavelenﬂJrh.
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WHy WE SEE 1N CcOLOR

® Pure spectral colors simulate dll
cohes to some extent.

o Mixir\ﬂ multiple colors can stimulate
the cones to respond in a way that
s indistinguishable from a pure color.

® Perceptudly identical sensations are

caled metamers.

® This dllows us to use ju«;Jr three colors

to aener'aJre all others.

08/18/2.018 ComP 3l - Fall 2022
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® Eoach pixel is stored as

three Primar‘y Par+9
e Red green, and blue

® Usually around 8-bits Framebuffer
per channel
® Pixels can have individual

R.GB componerﬁrs or

they can be stored indirecﬂy

via a “Iook—up table' Drepiay

Framebuffer
3 - 8-bit unsi@necl binary integers (0,255)

3 - Fixed Poil’rl' 8-bit values (0-10) or Lookup Table

08/18/2.018 Comp 3l - Fall 2022 29
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COLOR SPECIFICATIONS Il

Web colors:

Name Hex Decimal Integer Fractional
Orange #FFA500 (255, 165, 0) (1.0,0.65, 0.0)
Sky Blue #87CEEB (135, 206, 235) (0.52,0.80, 0.92)
Thistle #D8BFDS8 (216, 191, 216) (0.84,0.75, 0.84)

Colors are stored as bir\ar'y too. You'll commonly see them
in Hex, decimal, and Fractional formats.
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SUMMARY ﬁ:ﬁ

e ALL modern computers represent signed integers
using a two's-complement representation

® Two's-complement representations eliminate the need
For separate addition and subtraction units

e Addition is identical using either unsi@ned and
two's-complement humbers

® Finite representations of numbers on computers leads
to anomalies

® Floating point numbers have separate Fraction and
exponent components.
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